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EXTENDING PARTIAL AUTOMORPHISMS OF n-PARTITE
TOURNAMENTS
JAN HUBICˇKA, COLIN JAHEL, MATEˇJ KONECˇNY´, AND MARCIN SABOK
Abstract. We prove that for every n ≥ 2 the class of all finite n-partite tour-
naments (orientations of complete n-partite graphs) has the extension prop-
erty for partial automorphisms, that is, for every finite n-partite tournament
G there is a finite n-partite tournament H such that every isomorphism of
induced subgraphs of G extends to an automorphism of H. Our constructions
are purely combinatorial (whereas many earlier EPPA results use deep results
from group theory) and extend to other classes such as the class of all finite
semi-generic tournaments.
We say that a class of finite structures C has the extension property for partial
automorphisms (EPPA, also called the Hrushovski property) if for every A ∈ C
there is an EPPA-witness B ∈ C, that is, a structure containing A as an (in-
duced) substructure such that every isomorphism of substructures of A (a partial
automorphism of A) extends to an automorphism of B.
In 1992 Hrushovski [8] established that the class of all finite graphs has EPPA.
This results, besides being a beautiful combinatorial property by itself, was used
by Hodges, Hodkinson, Lascar and Shelah to study the automorphism group of the
countable random graph [6] and found many additional applications [16]. After
this, the quest of identifying new classes of structures with EPPA continued. In
2000, Herwig and Lascar [5] combined advanced techniques from combinatorics,
model theory and group theory and gave a structural condition which was later
used to identify many additional examples of classes having EPPA (such as various
classes of metric spaces [17, 10, 1, 13]).
Herwig and Lascar also asked whether the class of all finite tournaments has
EPPA. This is probably the simplest class that can not be handled by the Herwig–
Lascar theorem and is of special interest for group-theorists. While this question
remains among the most important open questions in the area, a negative result
was recently obtained by Huang, Pawliuk, Sabok and Wise that the class of certain
generalised tournaments does not have EPPA [9]. On the other hand, EPPA was
shown for the class of two-graphs by Evans, Hubicˇka, Konecˇny´ and Nesˇetrˇil [3]. This
class behaves similarly to tournaments from the perspective of the Herwig–Lascar
theorem. We further develop the techniques used in [3] to show:
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Theorem 1. For every n ≥ 2, the class of all finite n-partite tournaments has the
extension property for partial automorphisms.
Here, a directed graph G = (V,E) is an n-partite tournament if its vertex set
can be partitioned into sets V1∪V2∪ . . .∪Vn = V (called parts) such that every pair
of vertices in different parts is connected by exactly one directed edge and there
are no edges between vertices in the same part.
Unlike many earlier proofs of various EPPA results, the proof of Theorem 1 is
purely combinatorial and fully self-contained. Developing the idea of valuation func-
tions introduced by Hodkinson and Otto [7] (which has also been used to strengthen
the Hodkinson–Otto result to classes with unary functions [4] and applied to give
a combinatorial proof of EPPA for metric spaces [10] and a strengthening of the
Herwig–Lascar theorem [11]), we construct highly symmetric n-partite tournaments
to serve as EPPA-witnesses.
EPPA is an important concept in model theory, because it can be seen as a
strengthening of the amalgamation property (see e.g. [14]). By the Fra¨ısse´ theo-
rem, classes with this property in turn correspond to the (most often countably
infinite) homogeneous structures, that is, structures such that every isomorphism
of their finite substructures extends to an automorphism (i.e., they are infinite
EPPA-witnesses for themselves).
The goal of the Lachlan–Cherlin classification programme is to classify homoge-
neous structures (subject to extra conditions). In particular, Cherlin’s classification
of homogeneous directed graphs [2] gives a complete list of amalgamation classes
of directed graphs. This relatively elaborate list was analysed by Pawliuk and
Sokic´ [15] and up three exceptions it was possible to decide for each class whether
it has EPPA or not. The remaining three cases are the classes of all n-partite tour-
naments for n ≥ 2, the class of all semi-generic tournaments and the classes of all
oriented graphs omitting an independent set of size k for k ≥ 2 (for k = 2 this is
the class of all tournaments).
A more involved adaptation of the techniques presented here also gives:
Theorem 2. The class of all semi-generic tournaments has EPPA.
(An n-partite tournament G with parts V1, V2, · · · , Vn is semi-generic if for every
i 6= j and every choice of a 6= b ∈ Vi and c 6= d ∈ Vj it holds that the number of
edges directed from a or b to c or d is even.) This will appear in [12].
Proof of Theorem 1
Fix n ≥ 2 and a finite n-partite tournament G = (V,E) with parts V1, V2, . . . , Vn.
Without loss of generality we can assume the following:
(1) V = {1, 2, . . . , k},
(2) for every x ∈ Vi and every y ∈ Vj it holds that x < y whenever i < j, and
(3) |V1| = |V2| = . . . = |Vn|.
We give an explicit construction of an n-partite tournamentH which is an EPPA-
witness for G. Given x ∈ V , a valuation function for x is a function χx : V \ {x} →
{0, 1} with the property that χx(y) = 0 for all y which are in the same part as x.
For a valuation function χx for x we define its projection as pi(χx) = x. For clarity,
whenever we use χx for a valuation function, it means that pi(χx) = x.
The directed graph H = (V ′, E′) is constructed as follows:
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(1) The vertex set V ′ of H consists of all valuation functions for all vertices
x ∈ V , and
(2) χx, χy ∈ V
′ are adjacent if and only if x and y belong to different parts of
G. The edge is oriented from χx to χy if and only if one of the following is
satisfied:
• x > y, and χx(y) 6= χy(x), or
• x < y, and χx(y) = χy(x).
Otherwise the edge is oriented from χy to χx.
Clearly, H is an n-partite tournament with parts V ′i = {χx ∈ V
′ : x ∈ Vi}.
Next we construct an embedding ψ : G → H . Given a vertex x ∈ V we put
ψ(x) = χx, where χx is a function V \ {x} → {0, 1} such that
χx(y) =
{
1 if y < x and there is an edge directed from x to y in G
0 otherwise.
It is easy to verify that ψ is indeed an embedding of G into H . Put G′ = ψ(G).
We now show that H extends all partial automorphisms of G′. Fix a partial
automorphism ϕ : G′ → G′. By the projection, ϕ induces a partial permutation of
V , which in turn induces a partial permutation ι of parts V1, V2, . . . , Vn. Let ιˆ be
an extension of ι to a full permutation of parts. Denote by ϕˆ a permutation of V
which extends the permutation induced on V by ϕ and which furthermore agrees
with ιˆ (such a permutation exists as we assume all parts to have the same size).
For every pair of vertices x < y of G we define a function F{x,y} : {x, y} → {0, 1}
as follows:
(1) F{x,y}(x) = F{x,y}(y) = 0 if x and y belong to the same part.
(2) If x and y belong to different parts and ϕˆ(x) < ϕˆ(y) we put
(a) F{x,y}(x) = F{x,y}(y) = 1 if
(i) ψ(x) ∈ Dom(ϕ) and ψ(x)(y) 6= ψ(ϕˆ(x))(ϕˆ(y)) or
(ii) ψ(y) ∈ Dom(ϕ) and ψ(y)(x) 6= ψ(ϕˆ(y))(ϕˆ(x)),
(b) F{x,y}(x) = F{x,y}(y) = 0 otherwise.
(3) if x and y belong to different parts and ϕˆ(x) > ϕˆ(y) we put
(a) F{x,y}(x) = 1 and F{x,y}(y) = 0 if
(i) ψ(x) ∈ Dom(ϕ) and ψ(x)(y) 6= ψ(ϕˆ(x))(ϕˆ(y)) or
(ii) ψ(y) ∈ Dom(ϕ) and ψ(y)(x) = ψ(ϕˆ(y))(ϕˆ(x)),
(b) F{x,y}(x) = 0 and F{x,y}(y) = 1 otherwise.
Now we are ready to describe a function θ : V ′ → V ′ which we will verify to be
an automorphism of H ′ extending ϕ. We put θ(χx) = χ
′, where χ′ is a function
V \ {ϕˆ(x)} → {0, 1} defined as:
χ′(ϕˆ(y)) =


χx(y) if y 6= x and F{x,y}(x) = 0
1− χx(y) if y 6= x and F{x,y}(x) = 1
undefined if y = x.
It is easy to verify that θ is one-to-one, because one can construct its inverse.
To verify that θ extends ϕ, we want to show that for every χx ∈ Dom(ϕ) it holds
that ϕ(χx)(y) = ψ(ϕˆ(x))(y). This can be checked directly using the definition of
functions F{x,y}.
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Finally we need to prove that θ is an automorphism of H . Clearly θ preserves
non-edges. And the functions F{x,y} were chosen precisely so that θ also preserves
the directions of edges.
Remark. Note that the constructed H is an EPPA-witness for all n-partite tourna-
ments on at most |G| vertices.
Conclusion and remarks
Our proof uses the method of valuation functions which has multiple additional
applications mentioned above.
In general, to use the method, one needs to first fix A whose partial automor-
phism we will extend and to understand what these partial automorphisms look
like. Then one defines a suitable notion of valuation functions such that “each
vertex can change its neighbourhood arbitrarily”. A correct notion of flips then
follows from this interpretation and it turns out that putting B to simply be all
valuation functions for all vertices of A often works. See [11, 10, 3] for examples.
The proof of Theorem 2 also goes in this direction, however, one has to give
valuation functions not only to vertices, but also to parts.
Remark. As noted above, every class with EPPA is an amalgamation class and the
study has thus so far been limited to them. However, it might be reasonable to
refine the problem and ask “Given a class C, for which structures A ∈ C is there
an EPPA-witness B ∈ C?” It remains to be seen if this leads to some interesting
examples.
Question 1. The EPPA witnesses constructed in this paper have O(n2n) vertices,
the valuation functions construction for graphs also gives this number. There are,
however, no non-trivial lower bounds for the size of EPPA-witnesses for structures
on at most n vertices. Is it possible to close this gap?
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